Introduction
The starting point for local class field theory in most modern treatments is the classification of central simple algebras over a local field K. On the other hand an old theorem of Dieudonné [6] may interpreted as saying that when K is absolutely unramified and of characteristic zero any such algebra is the endomorphism algebra of an isopentic F -isocrystal on the completion K nr of a maximal unramified extension of K. In fact the restrictions on K can be removed by a suitably generalizing the notion of F -isocrystal, so one is led to ask if there approach to local class field theory based on the structure theory of F -isocrystals. One aim of this article is to carry out this project, and we will find that it gives a particularly quick approach to most of the main results of local class field theory, the exception being the existence theorem. We will not need many of the more technical results of group cohomology such as the Tate-Nakayama theorem or the "ugly lemma" of [4, Ch. 6 §1.5], and the formal properties of the norm residue symbol follow from the construction rather than the usual cohomological formalism.
In this approach one sees a close relation between two topics not normally associated with each other. The first is a celebrated formula of Dwork for the norm residue symbol in the case of a totally ramified abelian extension. A generalization of Dwork's formula valid for any finite Galois extension can be unearthed from the exercises in chapter XIII of [10] . Dwork's argument [7] is elementary, if somewhat mysterious, while that of Serre [10] uses the theory of class formations to reduce to the case of unramified extensions, where the reciprocity law is known. Both arguments presuppose local class field theory.
The second is the problem of realizing the Weil group of a finite Galois extension of local fields as an automorphism group, or as Tate says a "Galoislike" interpretation [4, p. 200] . The reader will recall that the global version of this problem was already posed by Weil in the article where these groups were first constructed [13] . The question for local fields might seem to be more elementary since the corresponding absolute groups have a simple definition, although not one which sheds much light on the problem. In any case it is to be expected that the global case will not be understood without understanding the local case as well.
When L is a Galois extension of Q p Morava [9] showed that the Weil group W L/Qp is isomorphic to an "extended automorphism group" of the reduction modulo p of a Lubin-Tate group associated to L. The argument is a simple application of the local Shafarevich-Weil theorem. Rephrasing this in terms of F -isocrystals allows us to remove the assumption that the base field is Q p , or even of characteristic zero. Suppose, then L/K is a Galois extension of nonarchimedean local fields of degree d and let V be an F -isocrystal on K nr of rank d slope −1/d; by Dieudonnés theorem the endomorphism algebra D of V is a central division algebra over K with invariant 1/d. By the Noether-Skolem theorem there are embeddings i : L ∈ D over K, and any two are conjugate in D. An extended automorphism of (V, i) is an automorphism g of V as an F -isocrystal such that g(i(ℓ)x) = i(s(ℓ))g(x) for some s ∈ G L/Qp and all ℓ ∈ L, x ∈ V . We will see that the group of extended automorphisms of (V, i) is isomorphic to the Weil group W L/K ; this is actually a direct consequence of the local Shafarevich-Weil theorem in its the original form, which in essence states that W L/K is isomorphic to the normalizer of the image of i : L × → D × . In [9] Morava raised the question of finding a "constructive" proof of the Weil-Shafarevich theorem. In fact the same computation that yields an explicit formula for the local norm residue symbol, and thus the generalization of Dwork's formula also leads to an explicit form for W L/K .
For an iterated extension E/L/K of local fields with E/K Galois we give in §3.6 an explicit description of "the" natural inclusion i E/L/K : W E/L → W E/K and, when L/K is Galois, "the" natural projection π E/L/K : W E/K → W L/K (in fact these are only determined up to certain inner automorphisms). The usual form of the Shafarevich-Weil theorem essentially amounts to determining the kernel of π E/L/K (section 3.19). We use these results in §4 to simplify somewhat the construction of the absolute Weil group W K of K as an inverse limit, as carried out for example in [1, Ch. 14]. We do not in this article try to realize W K as an automorphism group, as this requires Tannakian methods that go beyond the framework of this article. We hope to treat this problem later; the reader will doubtless see how the results of §3.6 are involved in this question.
Notation and conventions. Galois groups act on the left, as usual, and for s ∈ Gal(L/K) the action of s will usually be written x → s x, and we will use this notation systematically for elements of the integral group ring of Gal(L/K). For the sake of clarity we will often write expressions like x s y in the form x · s y. If M is a left A-module and f : A → B is a homomorphism we write f * M for the base change B ⊗ A,f M .
We follow the sign conventions of Bourbaki [2] for homological algebra. As far as results are concerned this only affects theorem 2.8 below.
is also that of Bourbaki [3] , and coincides with that of Serre [10] .
If K is a local field with residue field k, a complete maximal unramified extension is a complete valued extension field K nr whose residue field is a separable closure of k.
Preliminaries
1.1 F -isocrystals. We assume the reader is familiar with the structure theory of F -isocrystals, but we need to establish some notation and emphasize a few points. The first is that we do not need to restrict ourselves to the case of mixed characteristic, so in this section we fix a complete discretely valued field K with algebraically closed residue field k of characteristic p > 0. We fix a power q of p and a lifting σ to K of the qth power Frobenius of k. By Lang's theorem K has a uniformizer fixed by σ. The fixed field K 0 of σ is a local field, since the minimal polynomial of π over the fraction field of W (k) must also be fixed by σ. In what follows we will generally write σ x for σ(x). An F -isocrystal on K is a pair (V, F ) where V is a K-vector space of finite dimension and F : V → V is a σ-linear isomorphism. Equivalently, it is a left module for the Dieudonné ring K σ [F ] (the noncommutative polynomial ring ove K such that F a = σ aF for a ∈ K) that has finite dimension as a K-vector space, and on which F acts as a automorphism. The K-dimension of V is called the rank of the F -isocrystal. The category of F -isocrystals is abelian and K 0 -linear (the Hom groups K 0 -vector spaces) and has a tensor product operation given by the ordinary tensor product over K. The structure theorem of Dieudonné and Manin states that the category of F -isocrytals on K is semisimple, with a single isomorphism class of simple object for every λ ∈ Q. To see that this is valid in any characteristic it suffices to look at the treatment of [5] and check that one never divides by an integer. If V is simple, the corresponding λ ∈ Q is the slope of V ; more generally the slopes of an F -isocrystal are the slopes of its irreducible constituents. An F -isocrystal is isopentic if it has a single slope. If λ = r/d in lowest terms with r, d ∈ Z, a simple object of slope λ is isomorphic to one of the form
where π is a uniformizer of K. For n ∈ Z, V (n) the F -isocrystal is called a twist and more generally for any
It follows from the Dieudonné-Manin theorem that isopentic F -isocrystals V , V ′ with the same rank with slopes differing by an integer are twists of each other.
We will make frequent use of the next lemma to compute the slope of an isopentic F -isocrystal. Recall that a lattice in a K nr -vector space is a finitely generated submodule over the ring of integers of K nr .
Lemma
The slopes of an F -isocrystal (V, F ) lie in the interval [λ, µ] if and only if there is a lattice V 0 ⊂ V and constants C, D such that
This is a weak version of Katz's "basic slope estimate" [8] and is easily deduced from it, but a direct argument is just as easy: the estimate 1.2.1 holds for any lattice if it holds for one lattice; then the lemma reduces to the case of a simple F -isocrystal, in which case it is easily checked from the explicit form 1.1.1 of a simple F -isocrystal of slope λ.
Division algebras.
In this paper our focus will be on local fields, so from now on we shall use the following notation, which differs from that of the preceding section: K is nonarchimedean local field with residue field k, q = |k|, and K nr is a completion of a maximal unramified extension of K. Then σ is a lifting of the qth power Frobenius to K nr , and the fixed field of σ is K. The theory in the previous section applies to K nr ; note that a uniformizer of K is also a uniformizer of K nr fixed by σ. Dieudonné showed [6] (see also [5] ) that the endomorphism ring of a simple F -isocrystal on K nr of slope λ is the central division algebra over K whose invariant is the class of −λ modulo Z. In fact this is true in any characteristic; the sign depends on a number of normalizations. The endomorphism algebra of 1.1.1 can be computed explicitly as a crossed product algebra, and we will see that the sign is correct for our conventions (see the discussion in section 2.7). It may be of interest to indicate a direct argument, which shows at the same time that a central division algebra over K is determined up to isomorphism by its invariant.
We first show that any central division algebra D over K nr occurs as the endomorphism algebra of a simple 
nr has dimension d and we give it the Frobenius structure
The equality 1.3.1 shows that 1.3.2 is consistent, i.e. that 
The next lemma shows that (V, F ) is isomorphic to a twist of (V D , F f ), and it follows that the invariant of D is −λ. 
Lemma
Suppose finally that D, D ′ are central division algebras with the same invariant and let (V, F ), (V ′ , F ′ ) be the F -isocrystals constructed above. The equality of invariants implies that (V, F ) and (V ′ , F ′ ) are twists of each other, and it follows that D ≃ D ′ .
1.5 Some K nr -algebras. Rings of the form K nr ⊗ K A for some K-algebra A will be so frequent in what follows that we denote this construct by
It is defined whenever one has fixed a complete maximal unramifed extension K nr /K, and is functorial in A and K nr . Thus when L/K is a Galois extension the Galois group Gal(L/K) acts on L K with invariants
by σ will frequently be abbreviated by σ, and its subring of invariants is (
When A is a finiteétale K-algebra, A K is a direct sum of separable extensions of K nr . When L/K is a finite separable field extension with residual degree f and L nr is a fixed maximal unramified extension of L we can identify L K with a direct sum of f copies of L nr in something like a canonical way by choosing an embedding
commutes. Then L and K nr are identified with subfields of L nr , and the map
with respect to 1.5.3. It is easily checked that a choice of commutative diagram 1.5.2 amounts to a choice of x ∈ Spec(L K ) and an identification κ(x) ≃ L nr : here x is the kernel of the morphism L K → L nr canonically determined by 1.5.2, and corresponds to the composition of 1.5.3 with the projection onto the i = 0 summand; the other projections are this one composed with powers of σ. Finally, it is clear from 1.5.3 could be written more naturally as an isomorphism
of (K nr , L)-bimodules, where the corresponding module structures arise from 1.5.2. The identification of the right hand sides of 1.5.3 and 1.5.7 comes from the identifications
When L/K is unramified we may identify K nr ≃ L nr canonically, and the diagram 1.5.2 identifies L with a subfield of K nr . The arithmetic Frobenius σ arith = 1 ⊗ (σ|L) is a generator of Gal(L/K) and for the decomposition 1.5.3 is given by
which is the norm for the ring extension
where the numerical factor guarantees that w L/K extends the valuation of
2 The Fundamental Class of a Local Field 2.1 F -isocrystals with complex multiplication. Suppose K, K nr and σ are as in §1.
nr into L K in the canonical way, and via this embedding σ ⊗ 1 is a L-linear endomorphism of L K with fixed subring L ⊂ L K . We will usually write σ x for (σ ⊗ 1)(x) for the sake of clarity. If L/K is Galois with group G then G acts naturally on L K via the canonical embedding L → L K with fixed subring K nr , and and as before we write
defines a Frobenius structure on L K , and we denote by
Proposition For any finite separable extension
by 1.5.6. Iterating f times yields
where σ L = σ f as before, and
In this section we will work with a general α, since there is no point in not doing so.
The next step is to construct endomorphisms of L K (α). As remarked earlier, L acts on L K (α) and thus embeds into D(α). To construct more we need:
Proof. The only nonobvious point is that the image of σ − 1 is kernel of w L/K , and it is clearly contained in the kernel. We first observe that the subgroup of Z f consisting of (n i ) such that i n i = 0 is spanned by elements with a 1 in position i, −1 in position i + 1 (addition modulo f ) and zeros elsewhere. From this it follows that any (
× onto its subgroup of elements of valuation zero, for each i there is a c i such that
we conclude that b is in the image of σ − 1.
well defined up to a factor in L × . From 2.3.1 we see that
commutes with F α :
and is thus an automorphism of L K (α). If we fix a choice of β s for all s ∈ G, we see from 2.3.1 that
is an element of L × . In fact (a s,t ) is an L × -valued 2-cocycle of G, and from 2.3.2 we get
for all ℓ ∈ L and s, t ∈ G. For later use we note the formula
which follows from 2.3.3 by switching s and t and taking the product over t.
on the other hand the right hand side of 2.3.5 is fixed by every t ∈ G, and we conclude that in fact
for all s ∈ G.
Lemma The elements
is viewed as an L-vector space by left or right multiplication.
Proof. Suppose u∈G a u u u = 0 is a nontrivial dependence relation with a s ∈ L of minimal length. There must be at least two s, t ∈ G such that a s , a t = 0, and we choose x ∈ L such that
and subtracting s x times the original dependence relation yields a nontrivial relation of shorter length, a contradiction. The case of a relation s∈G u s a s = 0 is similar.
Theorem
The endomorphism algebra D L/K (α) is isomorphic to the crossed product algebra associated to the 2-cocycle 2.3.3 associated to α.
Proof. The lemma shows that the subalgebra of A generated by L and the u s has K-dimension at least d 2 , and therefore is all of A. Since the u s are independent over L, the relations 2.3.4 show that D L/K (α) is the crossed product algebra associated to (a s,t ); see [3, §16 no. 9] , especially equation (32).
Corollary For any finite Galois extension
2.7 The unramified case. We will work out the cocycle 2.3.3 explicitly when L/K is unramified, if only to double-check that our signs are correct. Then f = d and as usual we identify K nr ≃ L nr . The Galois group G is generated by σ arith = 1 ⊗ (σ|L) and we identify G ≃ Z/dZ by means of the generator σ arith ; in the formulas to follow we further identify elements of Z/dZ with integers in the range [0, d). Choose a ∈ K × and let α = (a, 1, . . . , 1). Then 1.5.8 yields
From this it follows easily that for 0 ≤ i, j < d
The usual cohomological formula (e.g. [4, Ch. 6 §1.1]) for the invariant shows that (a i,j ) has invariant −v(a)/d modulo 1. In fact the Q-valued 1-cochaiñ
) and thus the Q/Z-valued 1-cocycle
The assertion follows since the invariant is
Thus we recover the fact that the invariant of
to a Yoneda 2-extension of Z by L × . We can identify the extension corresponding to the fundamental class:
Proof. We know from lemma 2.3 that the sequence is exact. Recall the procedure that associates a class in Ext
unique up to homotopy. The map f 2 lies in the kernel of Hom(P 2 , L × ) → Hom(P 3 , L × ), and with the sign conventions we are using (definition 1 of [2, §7 no.3] and the remarks following) the opposite of its image in Ext
is the class of the extension. We take the top line of 2.8.2 to be the standard complex: P 0 (resp. P 1 , P 2 ) is the free Z[G]-module on a single generator [ ] (resp. generators [s] for all s ∈ G, [s, t] for all s, t ∈ G) and the differentials and the augmentation d 0 are
If we set
the commutativity of 2.8.2 shows that
The first equality shows that D L/K (α) represents the negative of the fundamental class u L/K , and the others show that (a s,t ) represents
. Since the class of 2.8.1 is (a s,t ) −1 we are done.
The next proposition and its corollary are essentially exercise 2 of [10, Ch. XIII §5]:
Corollary
For all r ∈ Z, the map
is an isomorphism.
At the (small) risk of spoiling the reader's fun we briefly sketch the proofs. To show that L × K is cohomologically trivial we first observe that the G-module L × K is induced from the I-module (L nr ) × , where I ⊂ G is the inertia subgroup. Replacing L/K and G by L nr /K nr and I respectively, we are reduced to showing that if L/K is totally ramified and the residue field of K is algebraically closed, L × is a cohomologically trivial G-module. With these assumptions the norm
, and thereforê We should remark that since G is solvable we can prove this assertion by induction on |G| using the inflation-restriction exact sequences in cohomology and homology; one needs to prove simultaneously that the natural map (
G is an isomorphism. To prove the corollary we split the extension 2.8.1 into the short exact sequences
and denote by
(for the correctness of the sign, which is not really important at this point, see propositions 3 and 5 of [2, §7] ). On the other hand the cup products with u 1 and u 2 are the connecting homomorphisms for the corresponding exact sequences, which by the proposition are isomorphisms on Tate cohomology .
2.11
The norm residue symbol. We denote by
the isomorphism 2.10.1 for r = −2; we will also use this to denote the induced homomorphism
The norm residue symbol
is the inverse of η L/K . We can now compute η L/K explicitly; we need only apply a standard formula for the cup product.
Theorem
Proof. Denoe bys the image of s in
and by theorem 2.5 the class of
is that of the 2-cocycle a s,t . The formula [10, Ch. XI Annexe, Lemme 4] shows thats ∪ u L/K is the right hand side of 2.3.5, and the theorem follows since we may take β = β s .
The formula characterizes θ L/K since for any a ∈ K × , the image of a in (K nr ) × is a norm from (L nr ) × , and the formula then determiness uniquely; c.f. [10, Ch. XIII §5].
Suppose for example that L/K is unramified and let π be a uniformizer of K (and thus of L). In the notation of section 2.7 we have σ−1 β = σ arith −1 α with
for any uniformizer π of L nr ; in this case 2.12.1 is equivalent to the formula proven by Dwork [7] , as recalled in the introduction.
Functorial properties.
The behavior of the norm residue symbol with respect to variation of fields and successive extensions follows from the basic properties of the cup product and the fundamental class. It is also easily deduced from 2.12.1 and for the sake of motivating some later constructions we will now do this, stating them in terms of the map η L/K . Fix a successive extension E/L/K; we first generalize some constructions from section 1.5.
The transitivity isomorphism
This shows that E K has a canonical structure of a free L K -module, and the norm
is defined in the usual way. When E/L/K is L/K/K this is the norm map 1.5.9 introduced earlier. The norm N E/L/K is equivariant for the action of σ on E K and L K . If E/K is Galois with group G E/K , it is also equivariant for the action of G E/K in the sense that
Applying this in the case E/L/K/K and invoking 1.5.11, we find that
Suppose that L/K is Galois with group G L/K , and let
we may use it to calculate η E/K . On the other hand 2.13.5 says that 
or equivalently that
where the bottom arrow is the natural map. We next allow L to be any intermediate extension and let s be any element of the Galois group G E/L of E/L. Choose an embedding K nr → L nr over K → L, and as before let f be the residual degree of L/K; then tensoring 1.5.7 over L with E yields isomorphisms
This direct sum decomposition is, like 1.5.7 canonically determined by a choice of diagram 1.5.2. Note that 2.13.8 is equivariant for the action of G E/L on both sides
with respect to 2.13.8 then
, and we may use
; on the other hand the formula 1.5.6 for the action of σ on L K is also holds for the action of σ on E K and the decomposition 2.13.8. If we set
and consequently
commutes. Again with s, t ∈ G E/K and σ−1 β s = s−1 α, the equality
modulo appropriate subgroups, i.e.
commutes, where ad(t) :
The last compatibility relates the transfer Ver :
by the inclusion. The usual proof uses the compatibility of the restriction map in Tate cohomology with cup products; from our point of view this is best understood in terms of the ideas of the next section (proposition 3.18).
Relative Weil Groups

3.1
The constructions of the last section will remind the reader of the following geometric construction. Suppose G is a finite group acting on the right of a K-scheme X (for the moment K is any field) and L is an invertible sheaf whose isomorphism class is invariant under the action of G. From this data we get a central extensionG of G by H 0 (X, O × ) and a representation ofG on H 0 (X, L). Elements ofG are pairs (p, s) with s ∈ G and p : s * L → L is an isomorphism. Composition is defined by (p, s) • (q, t) = (p • s * (q), st). The representation ofG assigns to the pair (p, s) the composite
where the first map comes from the adjunction L → s * s * L. In the situation of section 2 we take X = Spec(L), with G = Gal(L/K) acting on X by functoriality. In place of the invertible sheaf L we put L K (α), which if you like is a quasi-coherent sheaf on X with a structure of an F -isocrystal on 
We denote by W (α) the group of all automorphisms of L K (α) covering an element of G (i.e. the group of "extended automorphisms" of L K (α)), and denote by p : W (α) → G the unique homomorphism such that
Note that any ℓ ∈ D(α) is an element of W (α) with p(ℓ) = 1. Our version of Morava's theorem is the following:
is that of the 2-cocycle 2.3.3 associated to α. It can be identified with the set of pairs
and the inclusion i : L × → W (α) and projection p :
Proof. We have seen in the computations after 2.3.2 that if σ−1 β = s−1 α then 3.2.2 defines an automorphism of L(α) lying over s. The relations 3.2.3, 3.2.1 are evident. We saw in addition that for any s ∈ G there is a β satisfying σ−1 β = s−1 α, so the restriction of p to the group of pairs (β, s) maps onto G. To show that the group of (β, s) is all of W (α) it suffices to show that any g ∈ Ker(p) has the form (ℓ, 1). In fact for such g we have g(ℓx) = ℓg(x) for all ℓ ∈ L, m ∈ L K (α). Since L is a maximal commutative subalgebra of D(α), g must be multiplication by an invertible element of L.
Thus W (α) is an extension of G by L × , and if we choose for all s ∈ G a β s satisfying 2.3.1, s → u s = (β s , s) is a splitting of p yielding the 2-cocycle 2.3.3.
From the theorem and corollary 2.6 we get: 
, and (β, s) → (β −r , s) is a surjective homomorphism W (α) → W (α −r ). Since it is defined as an extension class, the Weil group W L/K is unique only up to automorphism; in fact since H 1 (G L/K , L × ) = 1 it is unique up to inner automorphisms by elements of L × . From our current point of view there is really no way to remove the ambiguity except by fixing an α ∈ L × K such that w(α) = −1/d and defining W L/K to be W (α). In the constructions to follow we will merely provide a more natural way of viewing this problem.
Proposition
Proof. With the notation of section 1.
, and in particular is semisimple. Then V is a direct sum of irreducible submodules, each of which is has dimension one as a K nr ⊗ L0 L-vector space. Now K nr ⊗ K L has exactly f distinct isomorphism types of irreducible module, and these are permuted cyclicly by the pullback functor σ * . Since the Frobenius structure of V is an isomorphism σ * V ≃ V of K nr ⊗ K L-modules, it follows that the irreducible submodules of K nr ⊗ K L all occur with the same multiplicity in V , and the assertion follows.
In what follows an L/K-F -module is a pair (V, i) where V is F -isocrystal over K nr and i : L → End(V ) is a K-algebra homomorphism. The rank of an LF -module is its rank as an
Proof. By the proposition V is free of rank one, say with u ∈ V as basis. If F is the Frobenius of V then F (u) = αu for some α ∈ L × K . On the other hand L K is free with basis 1 ∈ L K , and one checks immediately that 1 → u induces an isomorphism of L/K-F -modules over K.
we denote by W (V, i) its extended automorphism group in the previous sense: the group of automorphisms g of V as an F -isocrystal over K such 3.
are isomorphic, and any two isomorphisms differ by an inner automorphism by an element of L × . In particular if (V, i) has slope −1/d we may take W (V ) as instantiating "the" Weil group W L/K since the latter, being defined as an extension class is well-defined as a group up to inner automorphisms by elements of L × .
Functorial properties of the relative Weil groups.
The considerations in the last paragraph show that we must be careful when discussing these properties, and it is best work in terms of the groups W (V ) just defined that instantiate the relative Weil groups. In this section we fix an iterated extension E/L/K with E/K Galois with group G E/K . Then E/L is Galois with group G E/L and if L/K is Galois we denote its Galois group by G L/K . We first construct a homomorphism W E/L → W E/K covering the canonical map G E/L → G E/K . As before we fix a commutative diagram 1.5.2 commutative, and if V is an E/L-F -module, the F -isocrystal (σ i ) * V is computed with respect to the chosen embedding K nr ֒→ L nr . As before we denote by f the residual degree of
is an E/L-F -module we define the "induced" E/K-F -module as follows: as a
Its Frobenius structure Ind
where the last isomorphism is the Frobenius structure of V . Since the action of E on V commutes with σ * , it is clear that Ind
Proof. Choose a lattice V 0 ⊂ V ; by lemma 1.2 there are integer constants C, D such that π
for n ≥ 0; as usual π L is a uniformizer of L and F is the Frobenius of V . Then
is a lattice and the definition of the Frobenius structure Ind F on Ind
and π e L U = πU for some uniformizer π of K. Iterating the last containment e times yields
for all n ≥ 0, and the result follows from lemma 1.2.
On the other hand The lemma shows that Ind
which we may take as instantiating a class of morphisms
modulo inner automorphisms by elements of E × . It is clear from the construction that i E/L?K is injective and that the diagram
commutes no matter what morphism represents i E/L/K . Thus when L/K is Galois we get an isomorphism
which is canonical as it does not depend on any particular homomorphism representing the class of i E/L/K . The transitivity isomorphism 3.6.3 shows that
for a 3-fold extension M/E/L/K. We could also express this by
where the ∼ means that the two sides agree up to an inner automorphism by an element of
is an E/s(L)-F -isocrystal which we denote by s * (V, i) or even s * V . Note that this operation does not change the slope. Since 3.6.1 is equivariant for the action of G E/L , applying s * yields an isomorphism
Suppose now that L/K is Galois and construct homomorphisms π E/L/K :
As this is evidently functorial in V , the Frobenius of V induces a Frobenius structure on det
, and we have defined a (nonadditive) functor
Proof. It is clear that if V has rank one as an E K -module, it has rank [E : L] as an L K -module and det
is a lattice and applying ∧ E/L K to the previous inclusions yields
and the assertion follows from lemma 1.2.
We can take 3.8.1 as instantiating a class of homomorphisms
By construction the diagram
is commutative for any choice of morphism instantiating π E/L/K . The transitivity formula 3.7.10 shows that for a 3-
which we could also express as
Finally, in this situation there is a canonical isomorphism
for any M/L-F -module V , from which we see that the diagram
is commutative for appropriate instantiations of the corresponding groups (see also 3.9.6 below). The particular case in which
which we will later show to be an equality.
3.9 Explicit formulas. The previous constructions can be made explicit when dealing with the F -L/K-isocrystals L K (α); this will be important in section 4. We recall in this case that
, with the composition law 3.2.1. As before we fix an iterated extension E/L/K with E/K Galois, as well as a commutative diagram 1.5.2.
For
with respect to the decomposition 2.13.8. Since the decomposition 2.13.8 is equivariant for the action G E/L , so are the maps ι E/L/K and δ E/L/K . Comparison of 2.13.8 and 3.6.1 shows that there is a canonical identification
by identifying the terms of on the right side of the two formulas. The relation 2.13.9 is
in the notation of theorem 3.2. Suppose now L/K is Galois as well. For any
by identifying the basis element 1 ∈ L K with
(3.9.5)
For a 3-fold extension M/E/L/K the commutativity of 3.8.7 is then a consequence of the equality
3.10 The kernel of π E/L/K . When a definition of the absolute Weil group of a local field is given at the start, the corresponding relative groups are defined by
From this it follows that for successive Galois extensions K ⊆ L ⊆ E the natural quotient map W E/K → W L/K is surjective, and the kernel is the image of W c E/L by i E/L/K . Our next task is to show that this is so with our definition of W L/K . We will see that this is the essential content of the local Shafarevich-Weil theorem (i.e. Shafarevich's theorem [11] ).
Lemma The connecting homomorphism
Proof. This follows from Dwork's formula and the definitions: s ∈ G E/L lifts to (β, s) ∈ W E/K with β satisfying
Proof. The snake lemma applied to 3.8.3 yields an exact sequence
and the assertion follows since ∂ = η E/L is surjective.
A particularly important case is when E/L/K is L/K/K; with the identification
In this case 2.3.6 and 3.9.5 imply that the image of π L/K/K is contained in K × .
Proposition For any finite Galois extension the transfer homomorphism
Proof. This follows from definition of the transfer, which we recall in the simple case of a group U with an abelian normal subgroup A ⊂ U . Set G = U/A and for s ∈ G choose u s ∈ U mapping to s. Then 
by 2.3.5 and 3.9.5. The last part also follows from [1, Ch. 13], pp. 182-183. 
Lemma For any Galois extension
is an extension of a finite group G by an abelian group A with cocycle η ∈ H 2 (G, A), and denote by N : A → A G norm for the action of G on A. Then
and the image of the map ∪η :
In our case the cup product with η = η L/K is an isomorphism, and the assertion follows.
Proof. We saw in 3.8.
On the other hand the snake lemma applied again to the diagram 3.8.3 yields an exact sequence
This equality and lemma 3.14 show that Ker(π E/L/K ) and
Corollary For any Galois extension
is an isomorphism, and the composite homomorphism
is surjective, and proposition 3.16 identifies its kernel with W c L/K . This is the first assertion, and the second follows by making the same replacement in the diagram 3.8.3 and lemma 3.11.
We can now check the remaining functorial property of the norm residue symbol relative to a successive extension E/L/K.
Proposition
If L/K and E/K are successive extensions with L/K and E/K Galois, the diagram
is commutative.
Proof. By corollary 3.17 it suffices to show that the diagrams
are commutative. For the first this follows from the functoriality of the transfer. For the second we recall that π ab E/K/K and π ab E/L/L are the transfer maps for the inclusions
The assertion follows from the transitivity of the transfer for the the composite of the inclusions
3.19
The local Shafarevich-Weil theorem. This is a straitforward consequence of proposition 3.16. If K ⊆ L ⊆ E are successive finite extensions with L/K and E/K Galois, there is a commutative diagram We conclude in this case that the bottom exact sequence in 3.19.1, i.e. the short exact sequence of Galois groups for
of the bottom exact sequence in 3.19.2, whose cohomology class is the fundamental class u L/K . This is the local Shafarevich-Weil theorem; we also see that
The Absolute Weil Group as an Inverse Limit
The absolute Weil group W K of K, as constructed for example in chapter 15 of [1] is the inverse limit of the W L/K for a transitive system of homomorphisms
In the context of a general class formation, showing that such systems exist is a delicate business and the proof is nonconstructive. For any L/K we have constructed an explicit model for
, but the α L for varying L still need to be chosen with some care. In this section we fix a separable closure K sep of of K, and all finite extensions L/K will be subfields of K sep . For any such L/K we fix a choice of L nr by taking it to be the completion of the maximal unramified algebraic extension of L in K sep . This procedure yields for any extension E/L with E and L finite over K a commutative diagram like 1.5.2 with E/L replacing L/K, and this system of diagrams is transitive in an obvious sense.
Lemma For any iterated extension
× is surjective. In the general case we combine the decomposition 1.5.7 with the transitivity isomorphism
If x ∈ E K corresponds to (x i ) under this decomposition,
and the general assertion follows from the special case.
We define the absolute norm group of K to be the inverse limit
where L/K runs through all finite Galois extensions of K in K sep and the transition maps are the norms 4.1.1. Since the set of finite L/K contained in K sep is countable, the directed system of L/K has a cofinal subset with order type N, and it follows from the lemma that the natural projections N K → L If a = (α L ) ∈ N K then α L = N E/L (α E ) for all K ⊆ L ⊆ E, and the maps π E/L/K defined by 3.9.5 give rise to a system of homomorphisms W (α E ) → W (α L ) which is evidently transitive. We can then define
One can show, using the argument of propositions 1.3.1 and 1.5.1 of [12] that for all a, a ′ ∈ N K such that v(a) = v(a ′ ) there is a unique isomorphism W K (a) ≃ W K (a ′ ). From now on we fix a ∈ N K with v(a) = −1 and write W K for this W K (a).
According to [12, §1] a Weil group of K is a triple (W K , φ, {r L }) where W K is a topological group, φ : W K → G K is a continuous homomorphism to the absolute Galois group G K with dense image, and for all finite L/K, r L is an
ab . The data (W K , φ, {r L }) must satisfy properties W1-4 to be recalled below. We take the topology of W K to be the inverse limit topology from 4. Given E/L/K with L/K and E/K Galois, the map
is surjective with kernel W E/L , so that the sequence
is exact. Passing to the inverse limit in E yields an exact sequence
and from this it follows that φ −1 (G L ) = W L (in particular, W L has the same meaning here as it does in [12] ). Furthermore the last exact sequence can be completed to a short exact sequence:
Lemma
The map W K → G L/K is surjective for any Galois L/K.
Proof. Choose t ∈ G L/K and for any Galois E/K extending L/K, let S E be the set of pairs (β, s) with s ∈ G E/K → t and β ∈ E × K such that β σ−1 = α s−1 E and |β| E = 1. Any (β, s) ∈ S E is an element of W E/K mapping to t. Observe that the set of possible s is finite and for any given s, the set of possible β is compact in its natural topology since it is principal homogenous under O × E . It follows that S E is a compact subset of W E/K for each E, and since W E ′ /K → W E/K for K ⊆ E ⊆ E ′ maps S E ′ into S E , the inverse limit of the S E for variable E is nonempty.
The properties that make (W K , φ, {r L }) an absolute Weil group of K are the following; we use the formulation of [12] with slight changes of notation. W2 For w ∈ W K and s = φ(w) ∈ G K , the diagram
commutes.
W3 For successive finite extensions
W4
The natural map
The verification of W1-W4 is immediate. In fact W1 follows from the constructions by passing to the limit in the second part of corollary 3.17. Similarly W3 follows from the definitions and 3.7.7 by passing to the inverse limit in E, while W2 follows in the same way from the right hand diagram in 3.18.2. For W4 we start with the exact sequence This shows incidentally that our W L/K , defined as an automorphism group is the same as what Tate denotes by this symbol in [12] . Then
as required.
